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LET M be a closed orientable, irreducible 3-manifold. It is a long standing problem to decide if 
homotopic homeomorphisms of M must be isotopic. No counterexamples are known. 
Waldhausen [12] showed that this is true if M is Haken. See also [S]. Hodgson and 
Rubinstein [4] and Bonahon [2] independently showed that this result holds for lens spaces. 
Birman and Rubinstein [3] have proved the same result for certain Seifert fibre spaces, 
including the binary octahedral spaces, and for some other non-Haken 3-manifolds. Asano 
[l] and Rubinstein [S] have proved the same result for prism manifolds. It seems reasonable 
to conjecture that this result should hold whenever 7ci (M) is infinite, but the case when rri (M) 
is finite seems more doubtful. In this paper, 1 consider the irreducible non-Haken Seifert fibre 
spaces which have infinite fundamental group and prove that, for most of these manifolds, 
this conjecture holds. 
If M is an irreducible. non-Haken Seifert fibre space with infinite fundamental group, it is 
closed, orientable and irreducible and its fundamental group has infinite cyclic centre with 
quotient a triangle group Alp. q, r), where $ + f + i I 1. Thus A(p, q, r) is infinite and is a 
group of isometries of E2 or Hz. The manifold M is said to be of type A(p, q, r). Our result is 
the following. 
THEOREM 1.1. 1fM is a Sei$ertfibre space of type A(p, q, r), and ifp, q 2 4, then homotopic 
homeomorphisms of M are isotopic. 
Remarks. Some Seifert fibre spaces of type A(p, q, r) are Haken, and so the result follows 
from Waldhausen’s work [12]. Also Birman and Rubinstein [3] have proved this result for 
some of the Seifert fibre spaces of type A(2,4k, m). 
The only triples of positive integers (p, q, r) which satisfy A + i + 1 I 1 and fail to have at 
P 4 r 
least two integers 2 4 are of the form (3, q, 2), q 2 6, and (3, q, 3), q 2 3, up to a permutation 
of the entries. This is why the above theorem applies to “most” non-Haken Seifert fibre 
spaces. There is no evidence that the result might be false in these remaining cases. It is simply 
that my proof only works when p, q 2 4. 
The basic idea of the proof is similar to the ideas of Waldhausen in [12] and of Bonahon 
in [2]. In all cases. one considers a 3-manifold M with a homeomorphism h: M + M which is 
homotopic to the identity. The aim is to prove that h is isotopic to the identity, and this is done 
by choosing an “interesting” subspace X of M and considering how hX meets X. In the case 
when M is Haken, Waldhausen [121 chose an incompressible surface X in M. The key step 
was to show that one could isotop h to a homeomorphism h, such that h,X and X were 
disjoint. In the case when M is a lens space L(p. q), Bonahon [2] chose X to be the 2-complex 
obtained from the circle by attaching a single 2-cell by a covering map of degree p. This 
complex is naturally embedded in L(p. q). The key step was to show that one could isotop h to 
a homeomorphism h, such that h,X meets X “nicely”. In this case, it is impossible to arrange 
that h, X is disjoint from X. In the present paper, M is an irreducible, non-Haken Seifert fibre 
space with infinite fundamental group and we choose X to be the image of an incompressible 
immersionfof the torusTin M. We choosefto have one double curve I embedded in X so that 
X is homeomorphic to the product with a circle of a wedge of two circles. As in [2], hX must 
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meet X, whatever isotopy is applied. The key step is to show that one can isotop h to a 
homeomorphism hi such that h,X meets X without triple points, i.e. /I,/ does not meet X and 
1 does not meet h,X. 
In$l, we discuss some basic facts about triangle groups and about Seifert fibre spaces of 
type A(p, 4, r), and show that in order to prove Theorem 1.1. it suffices to isotop h to hi so that 
h,X meets X without triple points. We devote 92 to the construction of this isotopy, which is 
the heart of this paper. 
At the moment, I am only able to construct the required isotopy in the case when p. y 2 4. 
The construction to handle the remaining cases will clearly need to be more complicated. 
$1. PRELIMINARIES 
The reader is referred to [lo] and the references therein for the basic facts about Seifert 
fibre spaces. We will use the language of orbifolds, as in [lo], to describe the base space of a 
Seifert fibre space. The triangle group A(p, 4, r) is a discrete group of isometries of the 2- 
1 1 1. 
sphere S2, the Euclidean plane E2 or the hyperbolic plane H2 according as ; + ; + ; is > 1, 
= 1, or < 1. (Note that each of p, q, r 2 2.) In all cases, the quotient is an orbifold whose 
underlying surface is S2 and which has three cone points with cone angles 2x/p, 2xjq and 21r/r. 
We say that a Seifert fibre space M with this orbifold as its base space is of type A( p, q, r). If 
1 1 1 
; +; +; I 1, then A(p, q, r) is infinite and n,(M) has infinite cyclic centre with quotient 
b(p,-q, r). We let CL denote a generator of the centre of x,(M). 
The main result of this paper is the following. 
THEOREM 1.1. If M is a Seifertjbre space of type A( p, q, r), and ifp, q 2 4, then homotopic 
homeomorphisms of M are isotopic. 
Remarks. If p, q 2 4, it is automatic that i + i + i I 1. Some Seifert fibre spaces of type 
A(p, q, r), with p, q 2 4, are Haken, so that this theorem follows from Waldhausen’s result 
[12]. However, we will not distinguish between the Haken and non-Haken,cases in our 
arguments. 
We will need some results and notation from [9]. Note that, if p, q 2 4, then A( p, q, r) is a 
hyperbolic triangle group unless p = q = 4 and r = 2, in which case it is Euclidean. Let XYZ 
be a triangle in E2 or HZ with angles n/p, x/q and n/r. Let x, y and z denote rotations about 
X, Y and Z respectively through angles 27r/p, 2x/q and 2x/r and in the same direction so that 
xyz = 1. We shall be interested in the element xp- ’ of A( p, q, r). If A( p, q, r) is a hyperbolic 
triangle group and p, q 2 4, then Lemma 1.1 of [9] tells us that xy - ’ has infinite order. Let y 
denote the axis of xy - ’ in Hz and let 4: HL + H1/A( p, q, r) denote the quotient map. Then 
Lemma 1.2 of [9] shows that 4(y) is a figure eight loop in the complement of the three cone 
points, unless p or q equals 4 and r equals 2. In this case, 4(y) passes through one of the cone 
points. However, if we replace 7 by a line “ii consisting of points a fixed distance E from 7, and if 
E is suitably small, then yi is still preserved by xy- i and &i) is a figure eight loop in the 
complement of the three cone points. If A( p, q, r) is Euclidean, and p, q 2 4, then it equals 
A(4,4, 2) and xy - ’ is again of infinite order. Let y be a line in E2 preserved by xy - ‘, and let 4: 
E2 4 E2/A(4, 4,2) denote the quotient map. Then it is easy to see that 4(y) is a figure eight 
loop, so long as we choose 7 so that d(y) does not pass through any of the three cone points. 
It will be convenient to use P to denote E2 or H2, as appropriate, and to denote 
P/A( p, q, r) by Q. We have just seen that whenever p, q 2 4, there is a line 7 in P preserved by 
XL’ - ’ such that c$(Y) is a figure eight loop in the orbifold Q which misses the three cone points. 
Now we come to the crucial fact which will allow our construction in $2 to work and 
which explains the hypothesis that p, q 2 4 in Theorem 1.1. This is that if p, q 2 4, then the 
collection of translates of 7 by A(p, q, r) has the three line property, i.e. given three distinct 
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translates of y, two must be disjoint. This is proved in Lemma 1.7 (i) of [9] when A(p, q, r) is a 
hyperbolic triangle group and y is the axis of xy - ‘. It is obvious when one considers the 
Euclidean triangle group A(4,4,2), as this group contains rotations through n/2 and n: only, 
so that each translate of y is parallel to y or orthogonal to y. 
If one considers the triangle groups A(3, q, 3), where q 2 3, it is still true that xy-i is of 
infinite order and can be represented by a figure eight geodesic on Q. But the translates by 
A(3, q, 3) of a geodesic y in P which is preserved by xy - ’ do not have the three line property. 
They do, however, have the four line property, i.e. given four distinct lines, two must be 
disjoint. See $1 of [6] for an explanation of this. Presumably this fact will be essential for any 
extension of the arguments in this paper to the case of Seifert fibre spaces of type A(3, q, 3). 
If one considers the triangle groups A(3, q, 2), q 2 6, the element xy- ’ is of finite order. 
However, xy - 2 has infinite order and can be used instead of xy - ‘. If y denotes a geodesic in P 
which is preserved by xy- 2, then its translates again fail to have the three line property, but do 
have the four line property. See $1 of [6]. In the hyperbolic case, when q 2 7, the image of y in 
Q is not an immersed loop as it passes through one of the cone points. However, one can 
replace y by a nearby line yi which is also invariant under xy- 2 such that the image of yi in Q 
is an immersed loop with two double points and this loop can be used in place of the geodesic 
loop which is available in the other cases. It seems likely that dealing with Seifert fibre spaces 
of type A(3, q, 2) will be no harder than dealing with those of type A(3, q, 3). 
Now we suppose that p, q 2 4 and that M is a Seifert fibre space with Q as its base 
orbifold. We define X to be the pre-image in M of the loop d(y). Thus X is the product of 4(y) 
with a circle. Also X is the image of an immersion5 T -* M which has a single double curve I 
in its image, namely the fibre of M which lies above the double point of 4(y). The induced map 
f,: rri (T) -* n1 (M) has image which contains a and so is equal to the pre-image of the cyclic 
group generated by xq‘- ’ in A( p, q, r). As xy - ’ has infinite order, it follows thatf, is injective. 
We will refer to the points of I as the double points of X. 
Now let h: M + M be a homeomorphism and let Y denote h(X). A point of I nY or of 
h(l) n X will be called a triple point of X n Y. We can always isotop h so that X and Y are in 
general position i.e. I and h(l) are disjoint, I meetsY transversely and h(l) meets X transversely 
at any triple points and X meets Y transversely in the usual sense at all other points. The main 
result of $1 is the following. 
LEMMA 1.2. Let M be a Seijertjbre space of type A(p, q, r), where p, q 2 4. Let h: M + M 
be a homeomorphism which is homotopic to the identity such that X A h(X) has no triple points. 
Then h is isotopic to the identity. 
Remark. This result also holds when M is of type A(3, q, 3) where q 2 3, and the 
argument is the same. 
Proof. First perturb h slightly so that X and Y = h(X) are in general position. There will 
still be no triple points. Thus X nY is a disjoint union of circles in X - 1. Lemma 1.3 below 
shows that X ‘n Y must contain an essential circle. Let C be a component of X n Y which is 
essential, and hence is isotopic in X - I to a fibre of M. Of course, C also lies in Y - h(l). Now 
h(C) is embedded in Y-h(/) and must be essential. Hence h(C) is isotopic in M to C by an 
isotopy whose track lies in Y. (Note that if C or h(C) met h(l), it would no longer be clear that 
they must be isotopic in M.) It follows that we can isotop h until it preserves ome fibre of M. 
Suppose that h preserves a fibre C of M, and let N denote a regular neighbourhood of 
M which is a union of fibres. We can isotop h so as to preserve N. Then the manifold 
M 1 = M - N is also a Seifert fibre space and h induces a homeomorphism h 1 of M i . Now h, 
is isotopic to a fibre preserving homeomorphism of M, . This is because h, is homotopic to 
such a homeomorphism. by results of [73 and [ 111, and M 1 is Haken so that homotopic 
homeomorphisms are isotopic by Waldhausen’s result [12]. It follows that h itself is isotopic 
to a fibre preserving homeomorphism Kof M. As h is homotopic to the identity, it is now easy 
to isotop 6 to the identity through fibre preserving homeomorphisms. For h induces an 
isomorphism 19 of the orbifold Q which cannot permute the three cone points as it induces the 
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trivial outer automorphism of the orbifold fundamental group of Q. Now one isotops 8 to the 
identity fixing the cone points. 
In order to complete the proof of Lemma 1.2, we must establish our claim that there is an 
essential circle in X n Y. Recall that X is the image of an immersion f: T + M, and let Mr 
denote the covering of M with xl(MT) =f*(n,(T)). Let Qrdenote the covering of Q which is 
the quotient of P by the cyclic group generated by xy- ‘, and let I& P -+ Qrbe the projection. 
Thus MT is naturally a trivial circle bundle over Qr. The mapf lifts to an embedding of Tin 
MT whose image we also denote by T. As f (T) is the union of the fibres of M which lie above 
the figure eight loop 4(y) in Q, we see that Tis the union of the fibres of Mrwhich lie above the 
simple loop $(y) in QT. Let XT denote the full pre-image in MT. of X in M. If A@, 4, r) is 
hyperbolic, then XT consists ofTand infinitely many annuli, each of which is the union of the 
fibres of Mrwhich lie above the line $(gy) in Qr, where g is some element of A(p, 4, r) which is 
not a power of xy - ’ . Note that $(gy) may have self-intersections. In the Euclidean case, when 
A(p, q, r) is A(4,4,2), XT has a similar description, except that it contains infinitely many 
disjoint tori, corresponding to those translates gy of y which are parallel to y. As h is 
homotopic to the identity, we obtain an induced homeomorphism hr of MT which is also 
homotopic to the identity. Instead of considering the intersection of X with Y in M, it is more 
convenient and conceptually clearer to consider the intersection of T with Yr = hT(XT) in M7. 
If X and Y are in general position, the intersection of T with Yr will be transverse, and so will 
consist of a finite number of loops on T. The following result completes the proof of Lemma 
1.2 and will also be used at the end of $2. 
LEMMA 1.3. Let M be a Seijertfibre space of type A(p, q, I), where p, q 2 4. Let h: M + M 
be a homeomorphism which is homotopic to the identity such that X andY = h(X) are in general 
position. Then T n Yr must contain an embedded circle which represents a generator a of the 
centre of IL, (M). Further, if there are any loops of T n Yrwhich are essential and do not represent 
a, then all these loops represent the same element of n,(T). 
Remark. This result also holds when M is of type A(3, q, 3), where q 2 3, and the 
argument is the same. 
Proof. The line xy in P meets y in a single point. (The image of y in Q is singular precisely 
because of this fact.) Hence in Qn $(xy) is a line, without self-intersections, which runs from 
one end of Qrto the other. There is a corresponding annulus A in Xrwliich is the union of all 
the fibres of Mrabove the line $(xy), and A runs from one end of Mrto the other. Now the 
annulus h,(A) must also run from one end of Mrto the other. Hence it meets Tin at least one 
embedded circle which is essential in h,(A). Any such circle must represent a in 7r1(M), as 
required. 
If B denotes any of the annuli of Xr, then h,(B) must meet Tin loops which are null- 
homotopic or represent a. Henceany loops of T n Yrwhich are essential and do not represent 
a must lie in T n hT( W), where Wdenotes the union ofall the tori in Xr. Hence these loops are 
disjoint simple loops on T and so must all represent he same element of rri (T). 
A similar result can be proved in the same way, in the case when M is a Seifert fibre space 
of type A(3, q, 2). One considers the element xy -’ in A(3, q, 2) and the loop +(yi) in Q 
discussed earlier. One defines X to consist of the fibres of M above points of $(yi), so that X is 
the image of an immersionf: T + M with two embedded ouble curves in its image. As xye2 
has infinite order, f,: n,(T) --, xl(M) is injective, so that the arguments in the proofs of 
Lemmas 1.2 and 1.3 can all be applied. 
52. CONSTRUCTION OF THE ISOTOPY 
This section is devoted to proving the following result which will prove our main result, 
Theorem 1.1, when combined with Lemma 1.2. Our notation will be the same as in $1. 
THEOREM 2.1. Let M be a Seifertjibre space of type A(p, q. r), where p, q 2 4. Let h be a 
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homeomorphism of M which is homotopic to the identity. Then h is isotopic to a homeomorphism 
h, such that X and h,(X) intersect without triple points. 
Proof. As in $1, we denote h(X) by Y. We will first isotop h so that X and Y are in general 
position. Thus X n Y has only finitely many triple points. The basic idea is to give a sequence 
of isotopies of X or Y in M, each of which reduces the number of triple points of X nY. Any 
isotopy of Y can, of course, be extended to an isotopy of h, and any isotopy of X can be 
replaced by an isotopy of Y, and hence of h, which has the same effect on X n Y. However, we 
will need a measure of the complexity of X n Y which is more difficult than just the number of 
triple points. Having defined this complexity, we will describe five types of isotopy each of 
which reduces our complexity. Finally, we will show that if X nY has least possible 
complexity. then it has no triple points. Taken together, these results will complete the proof 
of Theorem 2.1. 
First we define the complexity of a homeomorphism h of M, assuming that X and h(X) are 
in genera1 position. As in the proof of Lemma 1.3, we consider the torus T in Mrand its 
intersection with hT(XT). The points of this intersection we call XY-points as they project to 
points of X n Y in M. We also consider the intersection of T with the other components of 
Xr. These points we call XX-points and they project to the double curve I of X. A point ofT 
which is a triple point is called a XX triple point if it projects to I n Y in M, and is called a YY 
triple point if it projects to h(l) n X in M. 
We define the complexity of h to be the triple (s, t, d), where s is the number of XX triple 
points on T, t is the total number of triple points on T, and d is the number of null-homotopic 
double curves on T. These complexities are to be lexicographically ordered. 
For the rest of our proof, it will be more convenient o consider the universal covering A 
of M in place of Mr, as all surfaces and double curves in ti will be automatically embedded. 
Recall that M is a Seifert fibre space with the orbifold Q = P/A( p, q, r) as its base space, where 
P denotes E2 or Hz as appropriate. Thus the universal covering space fi of M is naturally a 
bundle over P with fibre R. In particular, iii is homeomorphic to lR3. As X consists of the 
fibres of M which lie above the loop 4(y). it follows that the full pre-image in A of X consists 
of embedded planes each of which consists of all the fibres of @ above y or some translate of y 
by A@, q. r). We call any one of these planes an X-plane. As two distinct translates of y are 
disjoint or meet in a single point, it follows that two distinct X-planes are disjoint or meet in a 
single line. which will project to the loop I in M. 
The crucial fact which allows us to construct the required isotopy of h, when p, q 2 4, is 
that the set of all X-planes has the three plane property, i.e. given three distinct X-planes, two 
must be disjoint. This follows at once from the fact that the translates of y in P by A@, q, r) 
have the three line property. as discussed in $1. 
The full pre-image in 6l of Y also consists of a collection of planes which satisfy the three 
plane property, for this pre-image is simply the image of all the X-planes under the 
homeomorphism of ti induced by h. We call any one of these planes above Y, a Y-plane. 
Points of k which lie on two X-planes will be called XX-points. Similarly points of&f 
which lie on two Y-planes will be called W-points. Points which lie on an X-plane and a 
Y-plane will be called XY-points and triple points will be called XX triple points or YY triple 
points depending on whether they lie on two X-planes or two Y-planes. In all diagrams, XX- 
lines and W-lines will be drawn solid and XY-lines will be drawn dotted. 
Now we restrict attention to a single X-plane II and the double curves which lie on II. 
These consist of a family of disjoint XX lines and a fairly arbitrary collection of XY-curves. 
The intersection of any two of these curves is a triple point. Similar comments apply to a 
Z-plane. with the roles of X and Y interchanged. 
An XY-circle C in II will be called innermost if the disc D in II which is bounded by C has 
no double points in its interior. We let p denote the projection map G + M. 
LEMMA~.~. Ifll is an X-plane orY-plane bvhich contains an innermost XY-circle. there is an 
isorop!, of h \\hich reduces its complexit!,. 
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Proof. For convenience we will assume that II is an X-plane. Let C be an innermost XY- 
circle in II and let D be the 2-disc in II bounded by C. Let fI’ be the Y-plane which contains C 
and let D’ be the 2-disc in IT’ bounded by C. Then D v D’ is an embedded 2-sphere in ti and so 
bounds a 3-ball B in fi. We claim that B projects injectively into M. Assuming this, we can 
define an isotopy of Y in M, supported on a neighbourhood of p(D’), which isotops p(D’) 
across p(B) and just past p(D). This will reduced by at least one and cannot increase sor t, so it 
reduces the complexity of h. Note that the 2-disc p(D’) in Y cannot meet the double curve h(l) 
ofY. For then D’ would meet some YY-line and hence so would ZD’, which equals C. Thus C 
would contain some triple points, which contradicts the fact that C is innermost. 
It remains to prove that B projects injectively into M, as claimed. This is equivalent o 
showing that if g is an element of x1(M) such that gB meets B, then g is the identity. Suppose 
that gB meets B. Then g(as) must meet dB. For otherwise we would have g(B) c B or g- l(B) 
c B, so that g or g-i would have a fixed point, by the Brouwer fixed point theorem. As nt(M) 
acts freely on ti, it would follow that g is the identity, which is a contradiction. If g(ZB) meets 
D, it must meet dD, as there are no double points in the interior of D. Similarly if g-‘(dB) 
meets D, it must meet dD. Hence, in all cases, g(D’) must meet D’. Now D’ can contain no YY- 
points, as pointed out earlier, so g must preserve II’. Hence g(ZD’) must meet dD’ or we would 
again obtain a contradiction from the Brouwer fixed point theorem. As ZD’ equals C and can 
contain no triple points, we deduce that g(C) = C and hence that g(D’) = D’, so that g must be 
the identity. This completes the proof of Lemma 2.2. 
The above proof can be shortened, but I have presented it in this way, as similar 
arguments will be used many times in the rest of this paper. 
For our next results, we need some more definitions. A 2-gon in an X-plane or Y-plane II is 
a 2-disc D in II such that aD is the union of two arcs, each of which is a sub-arc of a double 
curve in II. If both arcs lie on XY-curves, we will say that D is oftype XY. Otherwise, we say D 
is of mixed type. A 2-gon D is innermost if its interior contains no double points. 
LEMMA 2.3. Zf II is an X-plane or Y-plane which contains an innermost 2-gon D of mixed 
type, there is an isotopy of h which reduces its complexity. 
Proof: For convenience, we again assume that II is an X-plane. Thus dD consists of 
two arcs i and p, where 2 is a sub-arc of an XX curve Land p is a sub-arc of an XY-curve. See 
Fig. 1. We claim that D projects injectively into M. Assuming this, we can define an isotopy of 
Yin M, supported on a neighbourhood of p(p), in which p(p) is isotoped across p(D) and just 
past p(i). This reduces t by two. It also reduces s by two. If II were a Y-plane, the 
corresponding isotopy of X would leave s unchanged. In either case, the complexity of h is 
reduced. 
Fig. 1 
Now suppose that gD meets D, where g E n,(M). We must show that g is the identity. Let x 
and y denote the vertices of D, i.e. the points of ;C n u. Then gx orgy must equal x or y. In all 
cases, it follows that gL meets L. As L projects to the simple loop I in M, it follows that gL 
= L and hence that g = z’, for some integer r, where u is a generator of the centre of n, (M). 
But this implies that gII = fI and that g acts on fI by a translation preserving L. It is 
impossible to have gx = y or gy = x, so we deduce that g must be the identity as required. 
LEMMA 2.4. If II is an X-plane or Y-plane which contains an innermost 2-gon D of type XY, 
there is an isotopy of h which reduces its complexity. 
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Proof. For convenience, we again assume that 11 is an X-plane. Then D is a 2-disc in II 
whose interior contains no XX-points and no YY-points and whose boundary consists of two 
arcs ki and pz each of which is a sub-arc of an XY-curve. Let x and y denote the vertices of D 
and let Hi denote the Y-plane which contains pi. Clearly II, n l-I2 is non-empty. Hence 
II, n II2 is a single line Land we let i be the segment of L with endpoints x and y. Thus 1 u pi 
is a circle in Hi and so bounds a 2-disc Di. The discs D, , Dz and D together form a 2-sphere 
which must bound a 3-ball Bin M. See Fig. 2. The discs D, and D2 need not be innermost, but 
they contain no YY-points other than those of 1. For otherwise, some YY-line would meet the 
boundary of D, or D,, and so cTD would contain triple points other than x and y, 
contradicting our hypothesis that D is innermost. It follows that no Y-plane can meet the 
interior of B. 
Fig. 2. 
We claim that B projects injectively into M. Assuming this, we can define an isotopy of Y 
in M supported on a neighbourhood of p(D, u D2), whose effect is to isotop p(D, u D2) 
across p(B) and just past p(D). The final result of this isotopy is described as follows. In Fig. 2, 
the effect is to move D, and D, just below D. Above D, only II, and II, change, and effectively 
this is achieved by performing cut and paste along 1. This move reduces t by at ieast two, 
because all the triple points, including x and y, which lie on 1 are removed and no new triple 
points are introduced. This move leaves s unaltered as all the triple points on 1 are YY triple 
points. If D lies in aY-plane then the corresponding isotopy of X in M will reduce sand t by at 
least two. In either case, the complexity of h is reduced. 
Now suppose that gB meets B, where g E rti (M). We must show that g is the identity. If 
g(ZB) n c?B is empty, we would have g(B) c B or gwlB c B so that g or g-r would have a 
fixed point and hence be trivial. If g(8B) meets D, then g@B) must meet dD. Similarly, if 
g-‘(O’B) meets D, then g-‘(dB) must meet 8D. Thus gD, or gD2 meets D, or D,. 
If gDi meets Dj and they lie in different Y-planes, then gDi n Dj consists ofYY-points. Now 
the only YY-points in Dj are those of 4 and the only YY-points in gDi are those of gl. It follows 
that gi. meets i.. Hence g L meets L, and as L covers the simple loop h(l) in M, we deduce that g 
= CL’, for some r. Hence g preserves II, and II, and acts on each by a translation preserving L. 
If g is non-trivial, the fact that gi. meets i implies that gpi must cross pi, for each i, which is 
impossible. Again we deduce that g is trivial. If gDi meets Dj and gDi lies in IIj, then g(JDi) 
must meet c?Dj and so gi. must meet i.. As before, we deduce that g is trivial. 
Our next move can only be used in a situation where the three preceding lemmas are not 
applicable. 
LEMMA 2.5. Suppose that no X-plane or Y-plane contains an innermost circle or an 
innermost 2-gon, but that some plane II contains a 2-gon oftype XY.Then there is an isotopy of h 
which reduces its complexity. 
Proof. We have a 2-disc D in II whose boundary consists of two arcs pL1 and p2, each being 
a sub-arc of an XY-curve. We can assume that no sub disc of D has the same property, by 
replacing D if necessary. As we are assuming that D is not innermost, the interior of D must 
contain some XX-points or XY-points. As D contains no sub-disc which is a 2-gon of type 
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XY, we see that there cannot be an XY-arc in D with ends on pi, or both on p2 and that any 
two XY-curves in D meet in at most one point. Also there cannot be an XY-arc joining p, to p2 
as this would contradict the three plane property for the Y-planes. (This is our first use of the 
three plane property). It follows that any XY-curve in D, other than pi and pz, must be a circle 
in the interior of D, and that any two such circles must be disjoint. 
Suppose that D contains an XY-circle C. As no plane contains an innermost circle, some 
XX-line must meet C. As all XX-lines in II are disjoint, this implies that D contains an 
innermost 2-gon of mixed type. As no plane contains an innermost 2-gon, we deduce that the 
interior of D contains no XY-points. Hence some XX-lines must meet the interior of D. Let E. 
be an arc of XX-points in D. If di lies on pi, then i together with a sub-arc of pi determines a 
2-gon of mixed type. This 2-gon may contain other XX-arcs, but it follows that D contains an 
innermost 2-gon of mixed type. As we are assuming that II has no innermost 2-gons, we 
deduce that all the XX-arcs in D join ,~i to Jo. 
Now we have a situation like that in Lemma 2.4. Let II i be the Y-plane containing pi, let f. 
denote II, n II2 and let i denote the segment of L with the vertices of D as endpoints. We 
have 2-discs D,, D, and a 3-ball B. See Fig. 3. 
Fig. 3. 
I claim that if gB meets B, then g is trivial. The argument is almost the same as in Lemma 
2.4. As in that case, one shows that if gB meets B, then g(ZB) must meet CB. It is still true that if 
g(dB) meets D, then g(dB) must meet dD and similarly for g- ‘(ZB), so we deduce that gD, or 
gD, must meet D, or D,. 
If gDi meets Dj and they lie in different Y-planes, then gDi n Dj consists ofYY-points. As 
before, the only YY-points of Dj are those of 1. This is because if a YY-line in IIj meets Dj it 
must also meet pj. This implies that aY-plane meets the interior of D and contradicts the fact 
that the interior of D contains no XY-points. Hence the only YY-points in gDi are those ofgi., 
so it follows that gl meets 2. As before, we deduce that g = r’, for some r. This implies that g 
preserves each X-plane and each Y-plane and acts on I& by a translation preserving the line L. 
If g is non-trivial, the fact that gi meets i implies that gpi crosses pi. But this implies that gII 
crosses II which is impossible as g preserves II. We deduce that g is trivial. 
If gDi meets Dj and gDi lies in I’Ij, then g(dDi) must meet 20) If g/1 meets j,, the above 
arguments show that g is trivial. Otherwise, we note that the only YY-points of Di and gDi are 
the points of I and gi, so that the interior of pj cannot meet gA and the interior of gp’i cannot 
meet A. Hence, it follows that some sub-arc ofgpci together with a sub-arc of pj bounds a 2-gon 
of type XY in Dj. This 2-gon need not be innermost but it must contain an innermost 2-gon of 
type XY which contradicts our assumption that no such 2-gons exist. This completes the 
proof that if gB meets B, then g must be trivial. 
It follows that B projects injectively into M. Now we define an isotopy of Y in M 
supported on a neighbourhood ofp(D, u D,), which isotops p(D1 u D2) across p(B) and just 
past p(D). We ensure that in Fig. 3, the new 1 lies just beneath D, and meets each X-plane 
which crosses D exactly once. We claim that this move reduces r by at least two. Certainly, all 
the triple points, including x and y, which lie on A are removed, but new triple points are 
introduced on the new 1, one point for each XX-arc in D. We claim that the net effect is to 
remove at least two triple points. Consider the 2-disc D, shown in Fig. 4. Corresponding to 
each XX-arc in D, there is a point on pi where a XY-arc crosses pi. We claim that each XY-arc 
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in D, which crosses pi mu8 join vi to E, as shown in Fig. 4. (Note that two such arcs cannot 
cross by the three plane property for X-planes). Otherwise some XY-arc in D, has both 
endpoints on pi, and so yields a 2-gon of type XY in D, . As before, this yields an innermost 2- 
gon of type XY in D,, which contradicts our hypothesis. It follows that our isotopy of Y 
reduces t by at least two. As all the triple points which are removed and introduced are YY- 
triple points, the number s is unchanged. If D were a 2-gon in a Y-plane, then the 
corresponding isotopy of X in M would reduce s and t by at least two. Thus in either case, the 
complexity of h is reduced. 
Our final move can only be used in a situation where none of the preceding lemmas is 
applicable. Unlike the previous moves, this move may increase the total number t of triple 
points of X nY, but it does reduce the number of XX-triple points. 
LEMMA 2.6. Suppose that no X-plane or Y-plane contains an innermost circle or an 
innermost 2-gon, and that no plane contains a 2-gon of type XY. If an X-plane l7 contains a 
2-gon, there is an isotopy of h which reduces its complexity. 
Proo& Let D be a 2-gon in the X-plane II with one edge ;i being a sub-arc of an XX-curve 
and the other edge p being a sub-arc of a XY-curve. We can assume that no sub-disc of D is a 
2-gon, by replacing D by a sub-disc, if necessary. Thus the interior of D contains no XX- 
points. As D cannot be an innermost 2-gon, its interior must contain some XY-points. No XY- 
circle can lie in D as TI contains no innermost circles and no 2-gons of type XY. It follows that 
the XY-points of D lie on arcs. None of these arcs can have both endpoints on i as this would 
yield a sub disc of D which is a 2-gon. Also none of these arcs can have both endpoints on p, as 
II contains no 2-gons of type XY. Hence each XY-arc in D joins 2 to p. Finally these arcs are 
disjoint from each other by the three plane property for the Y-planes. Thus we have a 
configuration as shown in Fig. 5. 
I claim that if gD meets D then g is trivial. If g preserves Tl and gD meets D, we must have 
gL, = L. For the XX-lines in II divide ll into strips, and the strip containing D can only be 
preserved if g preserves each of the XX-lines in TI . Hence g = a’, for some r. Now the fact that 
gD meets D implies that either g is trivial or gp must cross p. If lT denotes they-plane through 
p, this implies that gH must cross IT. But as g is a power of a it preserves every Y-plane and so 
gTI’ = II’. It follows that g is trivial. Now suppose that gD meets D and g does not preserve IT. 
Then gD n D consists of XX-points. Now L is the only XX line which meets D, so that gL is 
the only XX-line which meets gD. We deduce that gL meets L and now, as above, we 
conclude that g must be trivial. 
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It follows that D projects injectively into M. Now we define an isotopy of X, supported on 
a neighbourhood of p(D) in X. The effect is to isotop p(j.) across p(D) and just past p(p). In 
order to understand what happens to the triple points, we consider the effect in iii of the lift of 
this isotopy. It is clear that, in the plane II, the two triple points x and y disappear and no new 
triple points are introduced. However, if k denotes the number of XY-arcs across D, then 2k 
new triple points appear on II’ close to p. Thus our isotopy reduces the numbers of XX-triple 
points of X nY by two and increases the number of YY-triple points by 2k. Thus the 
complexity of h is reduced, as claimed. 
Now we are in a position to conclude the proof of Theorem 2.1, which asserts that h can be 
isotoped to arrange that X n Y has no triple points. We have just seen five ways of isotoping h 
to reduce its complexity. The next lemma tell us that if none of these isotopies can be carried 
out, then X nY has no triple points. 
LEMMA 2.7. Suppose that the homeomorphism h minimizes the complexity (s, t, d) among 
all homeomorphisms isotopic to h. Then X n Y. has no triple points. 
Pro05 Lemma 2.2 shows that no X-plane or Y-plane contains an innermost XY-circle. 
Lemmas 2.3 and 2.4 show that no plane contains an innermost 2-gon. Lemma 2.5 then shows 
that no plane can contain a 2-gon of type XI! Finally Lemma 2.6 then shows that noX- 
plane contains a 2-gon of any type. It follows that no XY-curve can be a circle. 
Let II denote an X-plane. We have just seen that all the XY-curves in II are lines and that if 
we consider ail the XX-lines and XY-lines in II, then any two of these lines meet in at most 
one point. Consider the images of all these lines in the torus T in M,, as discussed in Lemma 
1.3. This lemma shows that the image loops fall into at most two homotopy classes. For none 
of these loops can be null-homotopic, as no XY-curve in II is a circle. If all these loops 
represent a, then II contains no triple points. For if L, and L, are lines in II which intersect in 
a point x, they will also intersect in a(x), as a preserves L, and L,. This contradicts our 
hypothesis that no X-plane contains a 2-gon. 
Hence we need only consider the case when the loops on Trepresent wo elements aand /I 
in xi(T). The lines in II must form a pattern like a rectangular grid. Recall, from the proof of 
Lemma 1.3, that the double curves on the torus Tin M rwhich represent fi in n, (T), come 
from the intersection of T with the tori of h(XT). Any such torus which meets T must do so in 
at least two circles representing 8. It is now easy to find a torus T’ in Xr such that h(T’) meets T 
in two circles pi and pLz representing /I in zl(T) such that p1 u ,u~ bounds an annulus in T 
whose interior contains no other XY-double circles representing /I. (Of course, if A(p, 4, I) is 
hyperbolic, then T’ must equal T.) 
Let IT denote the X-plane which projects to T in MT and let II’ denote the Y-plane 
which projects to h(T’). Then II n ll’ contains two lines m, and m2, such that m, u m2 
bounds an infinite strip A in II which contains no other lines of II n II’. Let A’ denote the 
infinite strip in II’ bounded by ml u mz. Let L denote one of the XX-lines on II and let IT’ be 
the other X-plane through L. We know that IT’ n A is a single arc I, which is a sub-arc of L. 
Now we consider II” n A’. This consists of various XY-curves in A’. These curves can only 
meet 8A’ = m, u m2 in the two points of dl. It follows that there must be an arc ,u of II” n A’ 
which joins the endpoints of 2. But then 2 up forms a 2-gon in the X-plane II” which 
contradicts our hypotheses. This completes the proof of Lemma 2.7. 
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